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The variables appropriate for the infrared limit of uncon-
strained SU(2) Yang-Mills field theory are obtained in the
Hamiltonian formalism. It is shown how in the infrared limit
an effective nonlinear sigma model type Lagrangian can be
derived which out of the six physical fields involves only one
of three scalar fields and two rotational fields summarized in
a unit vector. Its possible relation to the effective Lagrangian
proposed recently by Faddeev and Niemi is discussed.
The conventional perturbative treatment of gauge the-
ories works successfully for the description of high energy
phenomena, but fails in applications in the infrared re-
gion. Several different approaches [1]- [4] have been pro-
posed for the nonperturbative reduction of gauge theories
to the equivalent unconstrained system. The guideline of
these investigations has been the search for a representa-
tion of the gauge invariant variables which are adapted to
the study of the low energy phase of Yang-Mills theory.
An alternative and very interesting approach has been
proposed very recently by [5] where a topological soliton
model with features relevant for the low energy region is
argued to be extendable to full SU(2) Yang-Mills theory.
We shall discuss in this work how an effective low energy
theory can be obtained directly from the unconstrained
sytem.
In previous work [6] we obtained the unconstrained
system equivalent to the degenerate SU(2) Yang-Mills
theory following the method of Hamiltonian reduction
( [7,8] and references therein) in the framework of the
Dirac constraint formalism [9]. It has been shown that
SU(2) Yang-Mills theory can be reduced to the corre-
sponding unconstrained system describing the dynamics
of a positive definite symmetric 3× 3 matrix Q∗. In this
letter we separate the six physical dynamical field vari-
ables into three rotation invariant and three rotational
ones. We shall obtain an effective low energy theory in-
volving only two of the three rotational fields, summa-
rized in a unit vector, and one of the tree scalar fields,
and shall discuss its possible relation to the effective soli-
ton Lagrangian proposed recently in [5].
As derived in [6] the dynamics of the physical variables
of SU(2) Yang-Mills theory can be described by the non-
local Hamiltonian
∗Permanent address: Tbilisi Mathematical Institute,
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H =
1
2
∫
d3x
[
Tr(P ∗)2 +Tr(B2(Q∗)) +
1
2
~E2(Q∗, P ∗)
]
(1)
in terms of the unconstraint canonical pairs, the positive
definite symmetric 3 × 3 matrices Q∗ and P ∗. The first
term is the conventional quadratic “kinetic” part, the sec-
ond the trace of the square of the non-Abelian magnetic
field
Bsk(Q
∗) = ǫklm(∂lQ
∗
sm +
g
2
ǫsbcQ
∗
blQ
∗
cm) . (2)
The third term in the Hamiltonian is the square of the
vector ~E given as solution of the differential equation[
γik(Q
∗)−
1
g
ǫikl∂l
]
Ek = Si (3)
with γik := Q
∗
ik − δikTr(Q
∗) and the source term
Sk(x) := ǫklm (P
∗Q∗)lm −
1
g
∂lP
∗
kl , (4)
which coincides with the spin density part of the Noethe-
rian angular momentum up to divergence terms.
The solution ~E of the differential equation (3) can be
expanded in 1/g. The zeroth order term is
E(0)s = γ
−1
sk ǫklm (P
∗Q∗)lm , (5)
and the first order term is determined via
E(1)s :=
1
g
γ−1sl
[
(rot ~E(0))l − ∂kP
∗
kl
]
(6)
from the corresponding zeroth order term. The higher
terms are obtained via the simple recurrence relations
E(n+1)s :=
1
g
γ−1sl (rot
~E (n))l . (7)
Whereas the gauge fields transform as vectors under
spatial rotations, the unconstrained fields Q∗ and P ∗
transform as second rank tensors under spatial rota-
tions.1 In order to separate the three fields which are in-
variant under spatial rotations from the three rotational
1 Note that for a complete analysis it is necessary to in-
vestigate the transformation properties of the field Q∗ under
the whole Poincare´ group. We shall limit ourselves here to
the isolation of the scalars under spatial rotations and treat
Q∗ in terms of “nonrelativistic spin 0 and spin 2 fields” in
accordance with the conclusions obtained in the work [2].
1
degrees of freedom we perform the following main axis
transformation of the original positive definite symmet-
ric 3× 3 matrix field Q∗(x)
Q∗ (χ, φ) = RT (χ(x))D (φ(x))R(χ(x)), (8)
with the orthogonal matrix R(χ) and the positive definite
diagonal matrix
D (φ) := diag (φ1, φ2, φ3) , φi > 0 (i = 1, 2, 3), (9)
the unconstrained Hamiltonian can be written in the
form
H =
1
2
∫
d3x
(
3∑
i=1
π2i +
1
2
3∑
i=1
P2i +
1
2
~E 2 + V
)
. (10)
Here the fields πi are the canonically conjugate momenta
to the diagonal fields φi and
Pi(x) :=
ξi(x)
φj(x) − φk(x)
, (cycl. perm. i 6= j 6= k) (11)
with the SO(3) left-invariant Killing vectors
ξk(x) :=M(θ, ψ)klpχl , (12)
where in terms of the Euler angles
M(θ, ψ) :=

 sinψ/ sin θ, cosψ, − sinψ cot θ− cosψ/ sin θ, sinψ, cosψ cot θ
0, 0, 1

 .
(13)
The electric field vector ~E is given by an expansion in 1/g
with the zeroth order term
E
(0)
i := −
ξi
φj + φk
(cycl. permut. i 6= j 6= k) , (14)
the first order term given from E(0) via
E
(1)
i := −
1
g
1
φj + φk
[(
(∇XjE
(0))k − (∇XkE
(0))j
)
+ Ξi
]
(15)
with cyclic permutations of i 6= j 6= k and the higher or-
der terms of the expansion determined via the recurrence
relations
E
(n+1)
i := −
1
g
1
φj + φk
(
(∇XjE
(n))k − (∇XkE
(n))j
)
.
(16)
Here the components of the covariant derivatives ∇Xk
along the vector fields Xk := Rki∂i
(∇Xk
~E)b := XkEb + Γ
d
kbEd (17)
are determined by the connection
Γbia :=
(
RXiR
T
)
ab
= −ǫabs(M
−1)skXiχk . (18)
The “source” terms Ξk are given as
Ξ1 = Γ
1
22(π1 − π2) +
1
2
X1π1 − Γ
2
23P2 − Γ
1
23P1
−2Γ112P3 +X2P3 + (2↔ 3) (19)
and its cyclic permutaions Ξ2 and Ξ3.
The magnetic part V of the potential is
V [φ, χ] =
3∑
i=1
Vi[φ, χ] (20)
with
V1[φ, χ] =
(
Γ112(φ2 − φ1)−X2φ1
)2
+
(
Γ113(φ3 − φ1)−X3φ1
)2
+
(
Γ123φ3 + Γ
1
32φ2 − gφ2φ3
)2
(21)
and its cyclic permutations .
In the strong coupling limit the expression (10) for the
unconstrained Hamiltonian reduces to 2
HS =
1
2
∫
d3x

 3∑
i=1
π2i +
∑
cycl.
ξ2i
φ2j + φ
2
k
(φ2j − φ
2
k)
2
+ V [φ, χ]


(22)
For the further investigation of the low energy properties
of SU(2) field theory a thorough understanding of the
properties of the term in (20) containing no derivatives
Vhom[φi] = g
2[φ21φ
2
2 + φ
2
2φ
2
3 + φ
2
3φ
2
1] (23)
is crucial. The classical absolute minima of energy cor-
respond to vanishing of the positive definite kinetic term
in the Hamiltonian (22). The stationary points of the
potential term (23) are
φ1 = φ2 = 0 , φ3 arbitrary (24)
and its cyclic permutations. Analysing the second or-
der derivatives of the potential at the stationarity points
one can conclude that they form a continous line of
degenerate absolute minima at zero energy. In other
words the potential has a “valley” of zero energy min-
ima along the line φ1 = φ2 = 0. They are the uncon-
strained analogs of the toron solutions [10] representing
2For spatially constant fields the integrand of this expression
reduces to the Hamiltonian of SU(2) Yang-Mills mechanics
considered in previous work [8].
2
constant Abelian field configurations with vanishing mag-
netic field in the strong coupling limit. The special point
φ1 = φ2 = φ3 = 0 corresponds to the ordinary perturba-
tive minimum.
For the investigation of the configurations of higher
energy it is necessary to include the rotational term in
(22). Since the singular points of the rotational term
just correspond to the absolute minima of the potential
there will a competition between an attractive and a re-
pulsive force. At the balance point we will have a local
minimum corresponding to a classical configuration with
higher energy.
The above representation (8) in terms of scalar and
rotational fields gives us furthermore the possibility to
analyse the wellknown exact, but nonnormalizable, zero
energy groundstate wave functional of SU(2) gluodynam-
ics [11] in the strong coupling limit. For the correspond-
ing unconstrained Hamiltonian (1) it has been discussed
in [6] and has the form
Ψ[Q∗] = exp
(
−8π2W [Q∗]
)
(25)
with the
winding number functional [12]W [Q∗] :=
∫
d3x K0(x) in
terms of the zero component of the Chern-Simons vector
[13], K0(Q
∗) := −(16π2)−1ǫijkTr
(
FijQ
∗
k −
2
3gQ
∗
iQ
∗
jQ
∗
k
)
,
written in terms of Q∗i := Q
∗
ilτl with the Pauli matrices
τi. In the strong coupling limit the groundstate wave
functional (25) reduces to the very simple form
Ψ[φ1, φ2, φ3] = exp [−gφ1φ2φ3] . (26)
It is nonnormalizable despite the sign definiteness of its
exponent (φi > 0 , i = 1, 2, 3). For the analysis of this
wave function in the neighbourhood of the line φ1 = φ2 =
0 of minima of the classical potential (23), it is useful to
pass from the variables φ1 and φ2 transverse to the valley
to the new variables φ⊥ and γ via
φ1 = φ⊥ cos γ , φ2 = φ⊥ sin γ
(
φ⊥ ≥ 0 , 0 ≤ γ ≤
π
2
)
.
(27)
The classical potential then reads
V (φ3, φ⊥, γ) = g
2
(
φ23φ
2
⊥
+
1
4
φ4
⊥
sin2(2γ)
)
, (28)
and the groundstate wave function (26) becomes
Φ[φ3, φ⊥, γ] = exp
[
−
1
2
gφ3φ
2
⊥
sin(2γ)
]
. (29)
We see that close to the bottom of the valley, for small
φ⊥, the potential is that of a harmonic oscillator and the
wave functional correspondingly a Gaussian with a max-
imum at the classical minimum line φ⊥ = 0. The height
of the maximum is constant along the valley. The non-
normalizability of the groundstate wave function (26) is
therefore due to the outflow of the wave function with
constant values along the valley to arbitrarily large val-
ues of the field φ3. The formation of condensates with
macroscopically large fluctuations of the field amplitude
might be a very interesting consequence of the properties
of the classical potential. To establish the connection be-
tween this phenomenon and the model of the squeezed
gluon condensate [14] will be an interesting task for fur-
ther investigation.
We now would like to find the effective classical field
theory to which the unconstrained theory reduces in the
limit of infinite coupling constant g, if we assume that the
classical system spontaneously chooses one of the classi-
cal zero energy minima of the leading order g2 part (23) of
the potential. As discussed above these classical minima
include apart from the perturbative vacuum, where all
fields vanish, also field configurations with one scalar field
attaining arbitrary values. Let us therefore put without
loss of generality (explicitly breaking the cyclic symme-
try)
φ1 = φ2 = 0 , φ3 − arbitrary , (30)
such that the potential (23) vanishes. In this case the
part of the potential (20) containing derivatives takes the
form
Vinh = φ3(x)
2
[
(Γ213(x))
2 + (Γ223(x))
2 + (Γ233(x))
2 +
+(Γ311(x))
2 + (Γ321(x))
2 + (Γ331(x))
2
]
+
+2φ3(x)
[
Γ331(x)X1φ3 + Γ
3
32(x)X2φ3
]
+
+
[
(X1φ3)
2 + (X2φ3)
2
]
. (31)
Introducing the unit vector
ni(φ, θ) := R3i(φ, θ) , (32)
pointing along the 3-axis of the “intrinsic frame”, one can
write
Vinh = φ3(x)
2 (∂i~n)
2
+ (∂iφ3)
2 − (ni∂iφ3)
2
−(ni∂inj)∂j(φ
2
3) . (33)
Concerning the contribution from the nonlocal term in
this phase, we obtain for the leading part of the electric
fields
E
(0)
1 = −ξ1/φ3 , E
(0)
2 = −ξ2/φ3 . (34)
Since the third component E
(0)
3 and P3 are singular in
the limit φ1, φ2 → 0, it is necessary to have ξ3 → 0. The
assumption of a definite value of ξ3 is in accordance with
the fact that the potential is symmetric around the 3-
axis for small φ1 and φ2, such that the intrinsic angular
momentum ξ3 is conserved in the neighbourhood of this
configuration. Hence we obtain the following effective
Hamiltonian up to order O(1/g)
3
Heff =
1
2
∫
d3x
[
π23 +
1
φ23
(ξ21 + ξ
2
2) + (∂iφ3)
2 + φ23(∂i~n)
2
−(ni∂iφ3)
2 − (ni∂inj)∂j(φ
2
3)
]
. (35)
After the inverse Lagrangian transformation we obtain
the corresponding nonlinear sigma model type effective
Lagrangian for the unit vector ~n(t, ~x) coupled to the
scalar field φ3(t, ~x)
Leff [φ3, ~n] =
1
2
∫
d3x
[
(∂µφ
2
3)
2 + φ23(∂µ~n)
2
+(ni∂iφ3)
2 + ni(∂inj)∂j(φ
2
3)
]
. (36)
In the limit of infinite coupling the unconstrained field
theory in terms of six physical fields equivalent to the
original SU(2) Yang-Mills theory in terms of the gauge
fields Aaµ reduces therefore to an effective classical field
theory involving only one of the three scalar fields and
two of the three rotational fields summarized in the unit
vector ~n. Note that this nonlinear sigma model type
Lagrangian admits singular hedgehog configurations of
the unit vector field ~n. Due to the absence of a scale at
the classical level, however, these are unstable. Consider
for example the case of one static monopole placed at the
origin,
ni := xi/r , φ3 = φ3(r) , r :=
√
x21 + x
2
2 + x
2
3 . (37)
Minimizing its total energy E
E[φ3] = 4π
∫
drφ23(r) (38)
with respect to φ3(r) we find the classical solution
φ3(r) ≡ 0. There is no scale in the classical theory. Only
in a quantum investigation a mass scale such as a nonva-
nishing value for the condensate < 0|φˆ23|0 > may appear,
which might be related to the string tension of flux tubes
directed along the unit-vector field ~n(t, ~x). The singular
hedgehog configurations of such string-like directed flux
tubes might then be associated with the glueballs. The
pure quantum object < 0|φˆ23|0 > might be realized as a
squeezed gluon condensate [14]. Note that for the case
of a spatially constant condensate,
< 0|φˆ23|0 >=: 2m
2 = const. , (39)
the quantum effective action corresponding to (36)
should reduce to the lowest order term of the effective
soliton Lagangian discussed very recently by Faddeev and
Niemi [5]
Leff [~n] = m
2
∫
d3x(∂µ~n)
2 . (40)
As discussed in [5], for the stability of these knots fur-
thermore a higher order Skyrmion-like term in the deriva-
tive expansion of the unit-vector field ~n(t, ~x) is necessary.
To obtain it from the corresponding higher order terms
in the strong coupling expansion of the unconstrained
Hamiltonian (10) is under present investigation.
In summary we have found a representation of the
physical variables which is appropriate for the study of
the infrared limit of SU(2) Yang-Mills theory. We have
shown how in the infrared limit an effective nonlinear
sigma model type Lagrangian can be derived which out
of the six physical fields involves only one of three scalar
fields and two rotational fields summarized in a unit vec-
tor. The study of the corresponding quantum theory as
well as the consideration of higher order terms in the
strong coupling expansion will be the subject of future
work.
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